Abstract. We study the homogeneous equation (*) u ′ = ∆u, t > 0, u(0) = f ∈ wX, where wX is a weighted Banach space, w(x) = (1+||x||) k , x ∈ R n with k ≥ 0, ∆ is the Laplacian, Y a complex Banach space and X one of the spaces BU C(R n , Y )},
Let Y be a complex Banach space and (1.2) wX = {wg : g ∈ X} with X one of the spaces
Then wX is a Banach space with norm ||f || wX = ||f /w|| X and a linear subset of S ′ (R n , Y ), wX is translation invariant, since X is and, with f = wg, g ∈ X, f h (x) := f (x + h), one has f h /w = g h w h /w with w h /w ∈ BU C(R n , R), using (1.1).
For any f :
For f ∈ wX and ζ ∈ C + := {z ∈ C : Re ζ > 0} define (see Lemma 1.3)
The function χ ζ is defined and χ
(1.5)
Indeed, I(ζ) is holomorphic on C + with I = 1 on (0, ∞). It follows I = 1 on C + by the identity theorem for complex valued holomorphic functions.
Indeed, it is enough to prove the case n = 1. We have χ ζ (y) = e −ζy 2 I(ζ, y), where
With F (x, y) := e −(x+2iζy)
so I(ζ, y) = I(ζ, 0), = 1 for ζ real > 0 (e.g. [3, p. 274, Beispiel 1]), then for ζ ∈ C + since I is holomorphic there.
Proof. Let f = wg, where g ∈ X. Then ||f y − f || wX = ||w y g y − wg|| wX = ||(w y − w)g y + wg y − wg|| wX ≤ ||(w y − w)g y || wX + ||wg y − wg|| wX = ||(w y /w − 1)g y || X + ||g y − g|| X → 0 as y → 0 with (1.1) since ||g y − g|| X → 0 as y → 0. The second case follows similarly.
exists as a Bochner integral for all x ∈ R n , and
, with the Hölder inequality [5, p.
34, Proposition 2] one has
With this
and (1.8) imply g * f (x) exists as a Bochner integral almost everywhere on R n . The
(i) g * f (x) exist as a Bochner integral for all x ∈ R n and g * f ∈ wBU C(R n , Y )∩
(ii) The operator G(ζ) : wX → wX defined by G(ζ)f := χ ζ * f is linear and bounded by (1.9).
(iii) With y = |ζ| 1/2 z and θ = ζ |ζ| , it follows by (1.5)
, then using (1.1), for 0 < |ζ| ≤ 1, |arg ζ| < α there exists c = c(ε, α) > 0 independent of ζ, such that
2 (cos α)/4 dz < ε.
Then for the above ζ
Using Lemma 1.1, there is δ > 0 such that I 2 ≤ ε if |ζ| 1/2 c < δ. It follows 
Theorem 2.1. For wX of (1.2) , the G of (1.3) is a holomorphic C 0 -semigroup of angle π/2 on wX. Its generator is the Laplacian ∆ wX := ∆ on wX with domain:
where we identify wX with a subspace of S ′ (R n , Y ).
Proof. (a):
We have χ ζ ∈ S(R n ) for ζ ∈ C + and
Moreover, by Lemma 1.
, it is enough to show that for any f ∈ wX with U (ζ) = G(ζ)f the U is holomorphic on C + . Now, again by [1, Proposition A.3] , holomorphy of the function ζ → wχ ζ
and by Morera's theorem [4, p.75 ], Fubini and (1.6) it is holomorphic. So to fixed z there exists ψ in L 1 (R n ) with w(
everywhere on R n ; with the holomorphy of χ ζ (x) for each x ∈ R n one gets ψ/w = χ ′ ζ almost everywhere and
exists with Hölder's inequality as a Bochner integral for all x ∈ R n . By Lemma 1.3, 
With (2.1), holomorphy of U on C + follows, and
(c) Let f , distribution ∆f ∈ wX. We have
3)
Let A|D(A) be the generator of the C 0 -semigroup G : R + → L(wX), defined by Proposition 3.1.9 g) of [1, p. 115 ]; let ∆ be the Laplace operator applied to
D := {f ∈ wX : ∆ wX f ∈ wX} and ∆ wX := ∆|D are well defined. We show
If f ∈ D, G(·)f ∈ C([0, ∞), wX) by (a), with (2.3) and g := ∆ wX f ∈ wX one has
With
so (∆F (t))(ϕ) = F (t)(∆ x ϕ) → f (∆ x ϕ) = (∆f )(ϕ) for ϕ ∈ D(R n , C). 
